On the pre- A ring structure on the Grothendieck ring of 
stacks and the power structures over it. * 

S.M. Gusein-Zade ' I. Luengo * A. Melle-Hernandez § 

Abstract 

We discuss a generalization ("extension") of the pre-A structure on the Grothen- 
dieck ring of quasi-projective varieties and of the corresponding power structure over 
it to the Grothendieck ring of stacks, discuss some of their properties and give some 
explicit formulae for the Kapranov zeta function for some stacks. 

1 Introduction 

Let -ftTo(Vk) be the Grothendieck ring of quasi-projective varieties over an algebraically 
closed field k. This is the Abelian group generated by the classes [X] of all quasi- 
projective k-varieties X modulo the relations: 

1) [X] = [Y] for isomorphic X and Y; 

2) [X] = [y] + [X \ Y] when Y is a Zariski closed subvariety of X. 

The multiplication in i£o(Vk) is defined by the Cartesian product of varieties: [X{\ ■ 
[X 2 ] = [Xi x X 2 \. The class [A£] G K (V k ) of the affine line is denoted by L. 
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In [6], there was denned a notion of a power structure over a ring and there was 
described a natural power structure over the Grothendieck ring Kq(Vc) of complex 
quasi-projective varieties. This means that, for a series A(T) = 1 + a±T + a^T 2 + . . . € 
1 + T ■ Ko(Vc)[p~']] and for an element m € Kq(Vc), one defines a series (A(T)) m € 
l + T-Zi"o(Vc)[P~']] so that all the usual properties of the exponential function hold. Here 
we assume the base field k to be an arbitrary algebraically closed field and therefore we 
indicate changes required for that. 

A special property of this power structure which is important for applications is 
its effectiveness. This means that if all the coefficients aj of the series A(T) and the 
exponent m are represented by classes of quasi-projective varieties (i.e. en = [Ai] and 
m = [M]), then all the coefficients of the series A(T) m are represented by classes of 
quasi-projective varieties too, not by classes of virtual varieties (see e.g. [7], [H]). This 
property looks somewhat misterious. A power structure over a ring R can be defined 
by a pre-X structure on R. The pre-A structure on the Grothendieck ring Kq(Vc) which 
induces the power structure described in [6] is defined by the Kapranov zeta-function 
introduced in 

( X (T) := 1 + • T + [S 2 X] ■ T 2 + [S 3 X] • T 3 + . . . , (1) 

where S k X := X k / Sk is the /c-th-symmetric power of the variety X. The use of another 
(natural) pre-A structure on the Grothendieck ring Ko(Vc) (opposite to the one defined 
by ([I])) induces a power structure over it which is not effective. 

For a field k of positive characteristic the Kapranov zeta-function (JTJ) also defines 
a pre-A structure on the Grothendieck ring -Ko(Vk) ( see [H Proposition 1.1 i)]) and 
therefore a power structure over it. However in [4 J it is explained that (over a field 
of positive characteristic) one should consider the following, a little bit different, pre-A 
structure on Ko(Vk). 

Let X k = JJ X k k y be the natural representation of the Cartesian power X k of 

{hi} 

X as the union of the strata corresponding to all the partitions of k. The stratum 
corresponding to the partition {k{\ : ^ifcj = k, consists of the fc-tuples [x\, . . . , x^) 
with (exactly) k{ groups with (exactly) i equal elements. For the partition {ki}, let 
n X k * \ A be the complement of the large diagonal which consist of ^ fcj-tuples of points 

i i 

of X with at least two coinciding ones. The group F] Sf.. acts freely on F] X ki \ A. One 

i i 
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has X k {ki} /S k - (n X k * \ A)/ n S ki . One should use [S k X]* = £ [(n X k <) \ A)/ n %] 

i i {ki} i i 

instead of [S^X] in the definition (JT]). For the base field k of characteristic zero the classes 
[S X] and [S^X]* coincide. Moreover one can see that the geometric definition of the 
power structure in [6j, being literally extended to a field of an arbitrary characteristic, 
corresponds, in fact, to this modification of the Kapranov zeta-function. Indeed in [BJ, 

the series (A(T)) 1 ' for A(T) = 1 + £ [Ai] T l where [Ai] are quasiprojective varieties 

i=l 

and for a quasi-projective variety X is defined as 



(A(T))W :=1 + J2 
k=l 



E 



((n^)\A)xnA fe 0/n^ 



where the group 5^ acts by permuting corresponding fcj factors in FJ X fei D (FJ^ X fei )\A 

i 

and the spaces simultaneously. If all Ai are points (i.e. [Ai] = 1), the coeficient at 
T k in (l + T + r 2 + ...)[ x l = (1 -r)-W is just £ [(Tl^ \ A )/I1 «5fcJ = [<S fc X]*. 

There are natural generalizations of the pre-A structure on the Grothendieck ring 
Ko(Vk) to other situations, say to the Grothendieck ring A"o(Stckk) of algebraic stacks 
of finite type over k all of whose automorphism group schemes are affine. Though the 
corresponding pre-A structure on the Grothendieck ring i^o(Stckk) is effective (i.e. all 
the coeficients of the series Cx(T) are represented by effective stacks: see below) the 
corresponding power structure fails to be effective. 

In this paper we describe a generalization ("extension") of the pre-A structure on the 
ring i£o(Vk) an d of the corresponding power structure over it to the Grothendieck ring 
i^o(Stckk) of stacks, discuss some of their properties and give some explicit formulae for 
the Kapranov zeta function for some stacks. 

2 Kapranov zeta function for some stacks 

A pre-A structure on a ring R is given by a series A (T) € 1 + T ■ R[[T]\ defined for each 
a € R so that 

1) \ a (T) = l + aT mod T 2 , 

2) X a+b (T) = X a (T)X b (T) for a, b € R. 



3 



A natural pre-A structure on the Grothendieck ring -Ko(Vk) of quasi-projective vari- 
eties is denned by the Kapranov zeta-function: 



Q X (T) ■= 1 + [^X] • T + [S 2 X] ■ T 2 + [S 3 X] ■ T 3 



+ ... 



(where S k X := X k / 'Sf. is the fc-th-symmetric power of the variety X) modified, for fields 



of positive characteristic, in the described above way. The Kapranov zeta-function 
possesses the property (h s x(T) = CxQ^ s T). In [6j Statement 3] this property was 
proved for k = C. The proof is based on Statement 2 therein, for any integer s > 0, 
(A(L S T))^ = (j4(T)[ x 1) Itv-^lt- One considers the corresponding parts 



of the coefficients of the series (A(T)) [X] and (A(h s T)) [x] . The natural map V — > V is 
a Zariski locally trivial vector bundle of rank sk. In [6] this is deduced from |13j . For 
the base field k of positive characteristic one can use [12, Section 7, Proposition 7]. 

The property Ch s x(T) = Cx(^ s T) permits to "extend" the pre-A structure to the 
localization i^o(Vk)[L _1 ] of the Grothendieck ring -Ko(Vk) in the multiplicative set {L n }. 
Thus for an element M G KoC^kjfL^ 1 ] its Kapranov zeta function is defined as (m(T) ■= 
C^ s m(^~ s T) for s large enough so that h s M £ i£o(Vk)- In particular 



In the Grothendieck ring K (V k ) one has [GL(n)\ = (L n - 1)(L™ — L) . . . (L n - L n_1 ). 

Let Xo(Stckk) be the Grothendieck group of algebraic stacks of finite type over k all 
of whose automorphism group schemes are affine with relations: 

1) [X] depends only on the isomorphism class of X; 

2) [X] = [Y] + [U] if Y is a closed substack of X and U is its complement; 

3) if E X is a vector bundle of constant rank n then [E] = L n [X], where L also 
denotes the class [AjJ € ifo(Stckk) of the affine line. 




and 




( L - S (T) = 1 + L~ s • T + L" 2s • T 2 + L" 3s • T 3 + . . . 



1 



1 - L" S T 
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The multiplication in -Ko(Stckk) is defined by the fibred product of stacks: [X{\ • [X2] = 
[Xi x X2]. The following property holds in ifo(Stckk), see [3]. Let -Zk be the class of 
connected group schemes for which torsors (principal G-bundles in the etale topology) 
are trivial in the Zariski topology (e.g. GL(n) and SL(n) are in Zjg). For a group 
G € Zk, G is afflne and connected. For any group G € Z^, [G][BG] = 1 in i^o(Stckk) 
where BG is the classifying stack of the group G (e.g [BGL(l)] = j^j). Thus, in 
particular, L and L n — 1 for any n > 1 are invertible in ifo(Stckk). 

There is a natural ring homomorphism from i^o(Vk) to -Ko(Stckk) by considering an 
algebraic variety as an algebraic stack. In [3, Theorem 1.2] (see also |14j). it was shown 
that the natural ring homomorphism 



is an isomorphism between the Grothendieck ring i^o(Stckk) of algebraic stacks with 
affine stabilizers and the Grothendieck ring Kq(V\s) of varieties localized by the elements 
L := [A k ] and L n — 1, for all n > 1. (The fact that these rings tensored by the field Q 
of rational numbers are isomorphic was proved in |1U]). 

In [4], it was shown that there is a pre- A structure on the ring i^o(Stckk) (extending 
the one on iQ)(Vk)[L -1 ]). The proof there is implicit. Here we shall give somewhat more 
explicit formulae for this pre-A structure (i.e. for the corresponding generalization of the 
Kapranov zeta function) and compute it for some examples. In particular we compute 
"symmetric powers" of the classifying stack BGL(l) of the group GL(1) = k*. 

Let Rk(qi, ■ ■ ■ , Qk) be the rational function in q%, . . . , defined by its Taylor expan- 
sion 



K (V k )[L- 1 ][(L n -l)- 1 ,Vn> 1] 



i^o(Stckk) 



(3) 






(4) 



i={h,...,i k )ei% 



is^ir for s^r 



Fact 1. One can see that 



Rk(qi,---,qk) = ^2 



^(1)^(2) • • • 1a(k-l) 



(1 - ?<t(1))(1 - ?<t(1) Qa(2)) ••• (1 - q a (l) ■ ■ -q<T(k))' 




is the part of the sum in over i 



...,i k ) with 
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Fact 2. For ^ rij = k, define 

3=1 

„ 41) jCa) j(2) .( S ) . (s) 

i?ni,n 2 ,...,na (ft, ■ ■ ■ 9s) : = 2^ ^ ' ' ' ^ q 2 " " " ^ • • • • • ■ ^ , 

where the sum is over all collections of {ir } with 1 < j < s, 1 < r < rij, if < < 
... <i£], ir^ / 4? f° r (jl, r i) 7^ (32, r 2)- One can see that 

s 

#ni,n 2 ,...,n s (?l, • • • Qs) = Rk($l, ■ ■ ■ , Ql, Q2, ■ ■ ■ , <Z2, • • • , • ■ •,?*)/ TT n i" 

ni rt2 ra s ^ 

Because of the isomorphism ([3]), an element of the Grothendieck ring i^o(Stckk) of 
stacks is of the form a = < M ^~™ n .. , where M G K (Vu_), m G Z, rtj G Z \ {0}. 

lli=l(l — L V 

(Without loss of generality one may assume that m G Z>o, rii G Z>o, however, for the 
formulae bellow this is not essential. ) 

In [H Lemma 2.2], the corresponding series ( a (T), or rather (Ca(—T))^ 1 (= £_ a (— T)), 
was described by a functional equation. A closed formula for Ca(T) is somewhat involved. 
Therefore we shall give a formula for the Kapranov zeta function of an element a of the 
form i\- n , where b G i^o(Stckk) (in terms of the series (b(T)). Let us denote the 
coefficients of the series (b(T) by a k b G -Ko(Stckk) : 

00 

( b (T) : =l + ^a fe 6 -T k , 

k=l 

a x b = b. For b = [X], where X is quasi-projective variety, a k b is the class [S' fc X] of its 
symmetric power S k X, (modified, for a field k of positive characteristic, in the described 
way). 

s 

Remark. Note that, for ^ rij = k and for arbitrary £i,...,£ s , the corresponding 

i=i 

element i? nii n 2i ... ins ((L _1 )^ 1 , . . . , (L _1 )^ s ) G -Ko(Stckic) is effective, in the sense that it 
is equal to the class of a quasiprojective variety divided by 17 Y\i[GL{ri)}. This follows 
directly form the formula for Rk(qi, ■ ■ ■ , 
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Proposition 1 For an element a = yz— ?r, where b G ifo(Stckk) and q = L 1 , one h 
( \ 



as 



C a (T) = l + ^ 



k=l 



E Rku2k 2 ,...,s ks (q n ,q 2n ,---,q sn )U^ b ^ 



3=1 



kmrpk 

q i 



where the second sum runs over all partitions k = (k±, . . . , k s ) : ^ jfcj = k of the integer 
Corollary. For an element a = 1 _ 1 n € Ko(Stckk) and g = L _1 , one has 



c . (t) = i + e 



fe=i 



E - R fci,2fc 2 ,...,sfc s (g n , 



j • • ■ 3 y J 



\ i=i 



/ 



where the second sum runs over all partitions k = (kx, . . . , k s ) : jkj = k of k. 

Proof. According to [I], the series ( a (T) is defined by the following functional equation 
( a (T) / ( a (q n T) = (b(q m T) and the coefficients of this series are polynomials in a l b, q^ 1 , 
and (1 — qi)~ l for all j > 0. Polynomials in q^ 1 and (1 — y^) -1 can be defined by their 
Laurent expansion at q = 0. Consider the series in T, whose coefficients are elements of 
Z^V* &]][[§-]], of the form 



HT) :=n0>(4- m+in T). 

i=0 

One can see that 

oo oo 

4,{T)/i,{q n T) =]JC b (q m+in T)(YlC b (q m+{i+1)n T))- 1 = ( b (q m T). 

i=0 i=0 

Also one can show (see bellow) that the coefficients of the series ip(T) are Laurent 
expansions in q of polynomials in a k b, q ,±1 and (1 — q^)~ l . Therefore ip(T) = Ca{T). 
Thus one has 

oo 

Ca(T) = JJ(1 + q m+in a 1 bT + (f( m + in ) a 2 bT 2 + ...). 

i=l 
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The coefficient of T k in this series is the sum over all partitions k = (k\, ... ,k s ) of k 

s 

with jkj = k of the series 
3=1 



\\{(J j b) k i V q m+i i )n . . . q m + i H n q m+2i[ 2) n _ _ _ q m + 2 A 2 i n g m+si^n _ _ _ q m+si^n 

where the sum is over all collections of {i? } with 1<j'<s, l<r< rij, < 1$ < 
. . . < ii} , iri 7^ fcrf 2 for (jii r i) 7^ (^2,^2). This implies the statement. □ 

Corollary. The Kapranov zeta function for stacks is effective in the sense that, for a 
stack X, the coefficients of C[X](T) are represented by classes of stacks in i^o(Stckk). 

This was shown by T. Ekedahl who identified the coefficients of C\x]{T) with the 
classes of the symmetric products of the stack X; [3]. 

Example. The Kapranov zeta function of the element a = 1 _ )?n € i^o(Stckk) is equal 
to 

00 q mk 

en = 1 + g (1 _ qn){l _ q2n) (1 _ qkn) r k . (5) 

In particular, 

W(i)] (T) = C_i_ (T) = 1 + ^ (Lfc.Lfc-i)...^.!^*. (6) 

fc=l v ; v y 

Thus 

a k [BGL(l)]=l k2 - k {BGL{k)}. (7) 
As in the proof of the proposition with 6 = 1 consider 

jink 

and we have to show that the following functional equation ip{T) /ip{q n T) = d(q m T) 
holds. Thus the equation ([5]) follows from the equalities 

1 + S (l-o")(l-<72n)...n -„kn) Tk Yl ^ Tfe J = 



»A(T) = 1 + V 7 77 %r-, 7 rrT k 



\k=0 



(1 - g»)(l - <? 2n ) ... (1 - q kn ) 

°° JL „(m+n)j+m(k-j) 

1 + W T fc 

^^(l-9»)(l- g 2»)...(l-gjn) 



00 _nj 00 mfc 



1+ V V - Q mk T k = 1+ V 

(1 - Q n )(l - Q 2n ) . . . (1 ~ Q jn ) ^ {\-Q n \{\ 



k=l j=0 



(1 - q n )(l - q 2n ) ... (1 - qi n y ^ (1 - - g 2n ) ... (1 - 



Remark. Notice that the classifying space for the group GL(1) = C* in the topological 
sense is CP 00 , whence the topological classifing space for the group GL{k) is the (infinite 
dimensional) Grassmannian Gr(fc, 00). If one defines Ccp°°(^) as 



Ccp°°(T) := lim Ccp^( T ) = TT^( T ) 
iV— >oo 

3=0 

(whatever this means) and [Gr(k, 00)] as a series in L equal to [Gr(A;, 00)] = lim7v->oo[Gr(/c, N)] 
one gets 

00 

Ccp~(T) = l + ]T[Gr(A;,oo)]T fc , (8) 

k=l 

which is similar to ([7]) up to a dimensional factor L in some power. The equation ((HJ) 
means that [S^CP 00 ] = [Gr(fc, 00)]. Moreover CP 00 and Gr(fc,oo) have decompositons 
into quasi-projective varieties (compatible with the inclusions S k CP N C S k CF°° and 
Gr(k, N) C Gr(k, 00)) such that components of S k C¥°° and of Gr(fc, 00) are pair-wise 
isomorphic. This uses the fact that S k C n and C kn have decompositions into quasi- 
projective varieties such that their components are pair-wise isomorphic. See a proof of 
these statements in |9|. 



3 A power structure over i^o(Stckk) 

Definition: A power structure over a (semi)ring R with a unit is a map (1 + T ■ R[[T]]) x 
R — > 1 + T • R[[T]]: (A(T),m) h-> (A(T)) m , which possesses the following properties: 

1) (A(T))° = 1, 

2) {A{T)f = A{T), 

3) (A(T) • B(T)) m = (A(T)) m • {B(T)) m , 

4) (A(T)) m+n = {A{T)) m ■ {A(T)) n , 

5) {A{T)) rnn = ((A{T)) n ) m , 
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6) (1 + T) m = 1 + mT+ terms of higher degree, 

7) (A(T k )) m = (A(T)r\ T ^ Tk , k>l. 

As it was explained in [TJ, a pre-A structure A a (T) € l + T-i?[[T]] on a ring R defines 
a power structure over it. To define the series (A(T)) m for A(T) = 1 + a\T + a<iF 2 + . . . , 
ai € R, m £ R one has to represent in a unique way A(T) as a product of the form 

oo 

A(T)= ]1 Ab fc (T fc ), with 6, e R and then 

fc=i 

oo 

(A(T)) m :=Yl\ mbk (T k ). (9) 

fc=i 

To each pre-A structure A a (T) on a ring R, there corresponds the so called opposite 
pre-A structure \°a(T) := (A a (— T)) _1 . Notice that the power structures defined by 
these two pre-A-structures are in general different. 

One can easily see this fact for the pre-A structure on the polynomial ring Z[iti, . . . , Uk] 
described in [TJ. 

One can say that there are at least 4 "natural" pre-A structures over the Grothendieck 
ring -fTo(Vk) °f quasi-projective varieties. They are those defined by the Kapranov zeta 
function 

Cm (T) := 1 + [S X M] • T + [S 2 X] ■ T 2 + [S 3 M] • T 3 + . . . , 

and by the generating series of the configuration space Mfc = (M k \A)/Sk of unordered 
fe-tuples of diferent points of a quasi-projevtive variety M: 

ip M (T) := 1 + [M] ■ T + [M 2 ] • T 2 + [M 3 ] • T 3 + . . . , 

and their corresponding opposites. 

One can see that the power structure corresponding to the first two pre-A structures 
coincide (this is a consequence of the equation <pm(T) = (1 + T) M see Example in 
[6], where in this equality the power estructure is defined by (m(T)), whence those 
corresponding to their opposites are different from this one (and coincide with each 
other). The advantage of the power structure defined by the Kapranov zeta function 
(or by the series (Pm{T)) is the fact that it is defined over the Grothendieck semiring 
of quasi-projective varieties (whose elements are represented by "genuine" varieties not 
by virtual ones). We shall say that this power structure is effective. This follows from 
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the mentioned above geometric description of the coefficient of the series (A(T)) M for 
A(T) = 1 + [A{\ ■ T + [A 2 ] ■ T 2 + [A 3 ] ■ T 3 + . . . , and A k and M are quasiprojective 
varieties. We do not know how one can prove effectivness of this power structure from 
the definition via ^m{T). With their opposite power structure one has 
Statement 1. The power structure over the Grothendieck ring -Ko(Vk) defined by the 
pre-A structure \x(T) ■= (Cxi—T))' 1 is not effective. 

Fon a class [M] of a quasi-projective variety M, Arjyi(T) is the inverse of the series 
{1-[M]T+[S 2 M]T 2 -[S 3 M}T+. . .), that is A [M] (T) = 1+[M]T+{[M} 2 -[S 2 M])T 2 + . . .. 
If M is smooth elliptic curve C, then the Hodge-Deligne polynomial e([C] 2 — [S* 2 C]) is 
equal to — u 2 v — uv 2 + u 2 + v 2 + 2uv — u — v, since e([C]) = 1 — u — v + uv and e([S 2 C]) is 
the coefficient at T 2 in the series (1 — uT)(l— vT) • Such polynomial cannot be 
the Hodge-Deligne polynomial of a quasi-projective variety since its homogeneous part 
of highest degree is not of the form l(uv) n , I a non-negative integer. 
Statement 2. The power structure over the Grothendieck ring iTo(Stckk) defined by 
the the Kapranov zeta function is not effective. 

We shall show that the series (1 + T)[' BGi ( 1 )] = (1 + T)e=t i s no t effective, in the 
sense that it contains non-effective coeficientes. Namely we shall show that the second 
coefficient of such a series in not effective. One has: 



(1 + T) 



According to ([6]) 

u+n* r3 = ( 1 + ir L T r+ p - m? - D r2 ) (' - L 1 T r2 ) modr3 - 

The coefficient at T 2 is equal to 

L 2 1 — L 3 + L 2 + L 

(L 2 - 1)(L 2 — L) ~ L — 1 ~ [GL(2)] ' 

It is not effective since the term of highest degreee in the Hodge-Deligne polynomial 
of the numerator has negative coefficient. 

For a quasi-projective variety X, the coefficient at T n in the series (1 + T)M is 
represented by the configuration space X n \A/S n of n different points in X. Statement 
2 gives a hint for the conjecture that the notion of the configuration spaces of different 
points cannot be defined for stacks (at least in a form close to that for varieties). 
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